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Axisymmetric shapes and forces resulting from the interaction of a particle
with a solidifying interface

L. Hadji
Mathematics Department, The University of Alabama, Tuscaloosa, Alabama 35487-0350

~Received 6 May 2002; published 21 October 2002!

A steady state model of the interaction of a foreign particle with a solidifying interface in a microgravity
environment is presented in order to examine the phenomenon of particle engulfment. The model considers the
interception of a spherical impurity particle by a deformable solid-liquid interface. Three forces are present
whenever the particle is in near contact with the solid front, namely, the disjoining pressure force, the thermal
force, and the hydrodynamic pressure force. These forces arise due to~i! the disjoining pressure gradients
resulting from the deformation of the interface behind the particle,~ii ! the interface distortion caused by the
difference between the coefficients of thermal conductance of the particle and melt, and~iii ! the hydrodynamic
pressure resulting from the melt flow driven by the pressure gradients in the gap between the particle and the
interface. The model accounts for the modification of the melt’s freezing point by these pressure terms. The
dependence of the interface morphology on the various physical and processing parameters is revealed. These
include the rate of solidification, the thermal gradient, the gap width, and the coefficients of thermal conduc-
tivity of the particle and the melt. The gap profile is calculated and used in the evaluation of the three forces
that characterize the interaction. The analysis shows that the outcome of the interaction, i.e., particle engulf-
ment or rejection, depends primarily on the competition between the hydrodynamic and thermal forces.

DOI: 10.1103/PhysRevE.66.041404 PACS number~s!: 82.70.2y, 64.70.Dv, 81.30.Fb, 81.05.Ni
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I. INTRODUCTION

The understanding of the interaction between partic
suspended in the melt and a crystallization front is import
to the fabrication of particulate metal matrix composites@1#
and to other natural and man-made processes@2–5#. This
interaction has proven to be very difficult to quantify. A lot
progress has been made towards its understanding thr
experiments, computer simulations, and theoretical analy
However, many relevant questions remain unanswered.
reader is referred to the papers by Chernov and Temkin@6#
and Li and Neumann@7# for reviews of the problem.

The presence of a foreign particle near a solidifying int
face induces locally a slight change in the melting point
the substance, and in turn the modification of the melt
point induces a change in the shape of the solid-liquid in
face. Three factors are responsible for this change:~i! the
difference in the thermal conductivities of the melt and p
ticle, ~ii ! the disjoining pressure, and~iii ! the hydrodynamic
pressure. The latter two take place in the melt film separa
the particle from the front. The understanding of the dep
dence of the front’s deformation on the material and proce
ing properties is essential to the understanding of the in
action of the particles with the advancing solid-liqu
interface. The quantification of the influence of the particl
presence on the shape of the interface in terms of the ph
cal and processing parameters has not been fully reso
and its determination remains an intensive area of resea
The interaction of a foreign particle with a growing crysta
lization front and the resulting interfacial morphologies a
influenced by the following three factors.

A. Thermal effects

The influence of the thermal factors on the partic
interface interaction has been investigated by numerous
1063-651X/2002/66~4!/041404~10!/$20.00 66 0414
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entists. The first experimental inquiry into the role of th
thermal effects on the capture of particles by growing cr
tals was conducted by Zubkoet al. @8#. They examined the
solidification, by the Bridgman method, of three materia
~bismuth, tin and zinc! that have been mixed with particles o
different material~tungsten, iron, molybdenum, nickel, chro
mium, and tantalum!. The experiments demonstrated that t
nature of the interaction depended primarily on the relat
magnitudes of the coefficients of thermal conductivity of t
particle (kp) and the melt (kl). They found that the particle
is captured ifkp.kl and rejected by the solid front ifkp
,kl , regardless of the wetting properties of the particl
These authors accounted for the strong dependence o
coefficients of thermal conductivity on temperature, but d
not offer a physical explanation for the behavior of the p
ticles at the interface. Later theoretical and experimen
studies found that the crystal behind the particle bulges
the melt ifkp,kl and forms a trough otherwise@9#; and then
tried to explain the rejection and the engulfment of the p
ticle in terms of the interface profile, i.e., the formation of
depression is conducive to engulfment while the format
of a bump is conducive to pushing. Hadji@10# has shown
that the presence of a foreign spherical particle near a so
liquid interface gives rise to a thermal force that acts on
particle. This force is given by

FTH5
2pLGa3~12a!

~21a!Tm
, ~1!

whereL is the latent heat of fusion per unit volume,G is the
imposed thermal gradient in the melt,a is the particle’s ra-
dius,Tm is the melting point of the fluid, anda5kp /kl . The
derivation of the thermal force is discussed in Sec. IV. T
experimental findings@8# can easily be interpreted in term
of the thermal force; the influence of the thermal conduct
©2002 The American Physical Society04-1
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ity contrast, represented by the parametera, is such that the
thermal force pushes the particle against the front ifa.1
and rejects the particle away from the front ifa,1. Further-
more, the analysis@10# shows that the thermal force is of th
same order of magnitude as the other forces that are us
accounted for in the studies involving the interaction of p
ticles with an advancing solid-liquid interface.

B. Disjoining pressure effects

Chernovet al. @6,11# have used the concept of disjoinin
pressure to describe how a particle can be rejected by a m
ing interface. If the disjoining pressure is from van der Wa
interactions, then it is expressed as2A/6pg3 and the in-
duced force is given by

FDP5
A
3 E0

` rdr

g3~r !
, ~2!

whereA is the Hamaker constant andg(r ) denotes the pro-
file of the gap separating the particle from the deform
solid-liquid interface.

C. Hydrodynamic pressue effects

The pressure gradients that develop in the gap as a r
of the particle’s presence near the interface and the su
quent deformation of the solid front due to the thermal
fects drive the melt to flow. If the melt is treated as a Ne
tonian fluid then the melt flow is described by the lubricati
equation@12#

]2u

]z2
5

1

m

]P

]r
,

whereu(z) is the radial component of the melt’s velocity,m
is the dynamic viscosity of the fluid, andP(r ) is the pres-
sure. Applying the no-slip boundary conditions at the int
face,h(r ), and at the particle-melt boundary,S(r )5h`1a
2Aa22r 2 (r<a), leads to

u~z!5
1

2m

]P

]r
@z22~S1h!z1Sh#.

On neglecting any changes in the melt’s density upon so
fication, the conservation of mass equation

2pr E
h

S

u~z!dz52pr 2V,

then implies

P~r !526mVE
0

r zdz

g3~z!
,

where, for convenience in the numerical simulations,
limits of integration are chosen so thatP(0)50. The drag
force is then given by@6,7,13,14#,
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Fdrag5E
0

`

2prP~r !dr5212mVE
0

`

pr E
0

r xdx

g3~x!
dr.

~3!

The inclusion of the shrinkage flow will modify Eq.~3! by a
small factor whose magnitude isO(rs /r l), wherers andr l
are the densities of the solid and liquid phase, respective

In this paper the estimation of the forces@10#, which con-
siders a planar solid-liquid interface, is revisited to inclu
the effects of the disjoining pressure and the hydrodyna
pressure on the shape of the solid-liquid interface. Only th
can a reasonable assessment of the forces be made. A
tempt at this problem has been made by Sasikumaret al. @15#
and Casses and Azouni@16#. However, these authors use a
expression for the temperature which does not satisfy
heat conduction equation in the cylindrical geometry a
does not even have the proper power of the coordinatesz and
r as eitherz or r →`. Sasikumar and Ramamohan@17#
correct their results@15# but present an incomplete analys
of the front shape and forces on the particle. Recently, th
have been several investigations of the interface profile n
a particle; the experiments of Senet al. @18# depict in situ
and real-time evolution of the solid-liquid interface morpho
ogy in the vicinity of a particle or void. In particular, th
dependence of the shape of the interface shape ona is thor-
oughly analyzed. Hadji@19# carried out an asymptotic analy
sis of the interface profile which results from the the du
effects of the disjoining pressure and interface curvature.
resulting interface profile is analyzed in Ref.@20# and found
to exhibit a cusp at the origin when the particle is in t
near-contact region. This finding is in agreement with t
theory that predicted that the curvature of the profile ha
logarithmic singularity. In the near-contact region, the int
face behaves like const1r 2 ln r as r→0. In the following
analysis, we also include the hydrodynamic pressure
show that it has a strong influence on the shape of the in
face. This prediction is in agreement with numerous exp
ments that show significant interfacial deformations cau
by variations in the growth rate. Furthermore, the gap se
ration profile is calculated and used to evaluate the for
acting on the particle. However, neither the stability of t
melt film nor the question of minimum film thickness
which the disjoining pressure becomes effective are
dressed in this paper. The minimum gap width is conside
an external parameter.

The plan for the remainder of this paper is stated as
lows. The mathematical model as well as the major assu
tions are presented in Sec. II. In Sec. III we solve the mo
and analyze the interface profile. The analysis is divided
two parts. The first part deals with a detailed analysis of
disjoining pressure effect and the second part includes
effects due to the solidification rate. An assessement of
forces is carried out in Sec. IV. The discussion of the res
and conclusions are presented in Sec. V.

II. MATHEMATICAL MODEL

Consider the situation illustrated in Fig. 1 which depic
an inert and spherical particle of radiusa placed in the pure
4-2
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melt at a distanceh` from the planar solid front. We conside
an axisymmetric geometry with the radial coordinate axis
taken along the planar solid-liquid interface and thez axis
pointing vertically upward. If we write the heat conductio
equation in a frame that is moving with velocityV in the z
direction, and scale lengths by the particle’s radiusa, then
the resulting equation consists of the Laplace’s equation
a convection term that is multiplied by the factoraV/k,
wherek is the heat diffusion coefficient. Typically,a varies
between 1 and 100mm, V varies between 0.01 an
100 mm s21 and k'1025 m2 s21. Thus the factoraV/k
varies between 1029 and 1023 and so the convection term i
negligible. Furhermore, we assume that~i! there is no change
in heat conductivities upon solidification and~ii ! the inter-
face equilibrium temperature accounts for the change in
melt’s melting point due to the undercooling effects of t
disjoining pressure, the Gibbs-Thomson effect and the
drodynamic pressure in the liquid film sandwiched betwe
the particle’s lower surface and the interface. Under th
assumptions, the thermal field is described by the ste
state form of the heat conduction equations in the melt an
the particle,

1

r

]

]r S r
]T

]r D1
]2T

]z2
50, ~4!

1

r

]

]r S r
]Tp

]r D1
]2Tp

]z2
50, ~5!

whereT andTp are the temperature in the liquid phase and
the particle, respectively. At the particle-melt boundary,@z
2(a1h`)#21r 25a2, the continuity of the temperature an
of the heat flux implies

T5Tp , “~klT2kpTp!•n50, ~6!

where n denotes the normal vector to the particle-m
boundary that is pointing into the liquid and“ is the gradient
vector. The interface equilibrium temperature is described

TI5Tm1DTcurv1DTDP1DTHP , ~7!

FIG. 1. Sketch of a deformed solid-liquid interface near a p
ticle of radiusa. The interface is moving with velocityV in the
positivez direction;h` is the distance between the lowest point
the particle’s surface and the planar interface~far away from the
particle!.
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where DTcurv is the curvature undercooling given by th
Gibbs-Thomson formula@21,22#

DTcurv52
sslTm

L
K. ~8!

In the near-contact region, the molecular interactions in
melt film contribute an amountF(g) to the free energy
@12,23#. Following Chernov@6#, we assume thatF(g) arises
from the nonretarded London–van der Waals interacti
and has the formF(g)5A/12pg2. The Hamaker constantA
depends on the properties of the phases involved in the
teraction but is assumed not to depend on the film thickn
The disjoining pressure in the film isPDP5dF/dg5
2A/6pg3, which gives rise to the undercooling term

DTDP5
ATm

6pLg3~r !
. ~9!

The undercooling term due to the hydrodynamic pressur
given by

DTHP52
6mVTm

L E
0

r x

g3~x!
dx. ~10!

The symbols that appear in Eqs.~8!–~10! are defined as fol-
lows: ssl is the surface excess free energy andK is the
front’s curvature~positive when the center of curvature lie
on the solid side of the interface!. The far-field condition is
described by

]T

]z
5G as z→`. ~11!

On assuming that~i! the particle’s diameter is small com
pared to the horizontal extent of the interface,~ii ! the particle
is in the near proximity of the solid-liquid interface, and~iii !
the solid-liquid interface is deformable, we have from Eq
~4!–~6! and ~11!,

T~r ,z!5Tm1Gz2Ga3S a21

a12D z2~h`1a!

$@z2~h`1a!#21r 2%3/2
.

~12!

Equation~12! applies only in the case considered here, i
the melt is a pure substance whoseTm isotherm is deformed
by the thermal conductance contrast. Note that if the in
face is nondeformable, then the method of images mus
used to solve for the temperature distribution whose valu
Tm at z50. On evaluating Eq.~12! at z50 and on using
Eqs.~7!–~10!, we obtain the differential equation

2K5
LGa3

Tmssl
S a21

a12DH~r !2S A
6pg3~r !ssl

2
6mV

ssl
E

0

r x

g3~x!
dxD u~a2r !, ~13!

-
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whereg(r )5@h`1a2Aua22r 2u2h(r )# is the gap separa
tion, h(r ) is the interface profile, andu(a2r ) is the unit step
function given by

u~a2r !5H 1 if r ,a,

0 if r .a,
~14!

and

H~r !5
h`1a

@~h`1a!21r 2#3/2
. ~15!

The unit step function is utilized to model the fact that bo
the disjoining pressure and the hydrodynamic pressure
only in the melt film between the particle and the interfa
The dependence of the front’s curvature on the interface
file is given by

K52
h9~r !

@11~h8!2#3/2
2

h8~r !

r @11~h8!2#1/2
, ~16!

where the prime notation pertains to derivative with resp
to the variabler. On substituting Eq.~16! into Eq. ~13!, we
obtain the following coupled system of nonlinear different
equations for the interface profile:

dh

dr
5v~r !,

dw

dr
5u~a2r !

r

g3~r !
,

dv
dr

5~11v2!3/2F2
v
r

~11v2!21/21
a3GL

sslTm
S a21

a12DH~r !

2S A
6psslg

3~r !
2

6mV

ssl
wD u~a2r !G , ~17!

where the intermediate variablew is given by

w~r !5E
0

r xdx

g3~x!
. ~18!

The system of equations~17! and Eq.~18! are comple-
mented by the following conditions: the symmetry conditi
v(0)50, w(0)50, and the far-field conditionh(r )→0 as
r→`. The later condition is due to the fact that far aw
from the particle, the solid-liquid interface is assumed
remain planar at the locationz50. We are, thus, assumin
that the growth rates considered in this study are low eno
that the possibility of the onset of morphological instabiliti
is remote. The system of equations~17! and corresponding
initial and boundedness conditions are viewed as an in
value problem: the system is solved subject to an assu
value of h(r ) at r 50, w(0)50, and the symmetry condi
tion h8(0)50. The correct value ofh(0) is that value which
satisfies, theoretically, the condition at infinity, i.e.,h(r )
04140
ct
.
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→0 asr→`. In a numerical experiment, this condition mu
be applied at anr location that is far enough from the origi
to describe the far field behavior of the interface. At the sa
time, because the system is solved as an initial value p
lem, the range of the interval of integration must not
allowed to be very large. The numerical experiments carr
out with several values ofh(0) andh` show that the shape
of the interface depends solely on the value of the gap th
ness at the origin,g05h`2h(0), and not on thespecific
values ofh` and h(0). Figure 2 depicts some typical pa
terns that are observed in the simulations. Note that there
significant amount of deformation in the neighborhood of t
particle with the interface becoming planar as we move aw
from the particle. The height reached by the planar portion
the interface depends ong0 and on the numerical values o
the physical parameters. The boundedeness condition,h(r )
→0 asr→0, seems to be always satisfied. This is consist
with the mathematical model. However, from a numeric
standpoint, the integration range must be taken very larg
actually have, within discretization errors,h(r )50. In our
numerical experiments, we have arbitrarily used an integ
tion range of about ten particle diameters. Furthermore,
circumvent the evaluation of the system~17! at the origin by
the following procedure. Owing to the fact thatv(0)50 and
w(0)50, we have

dv
dr

~0!5
a3GL

sslTm
S a21

a12DH~0!2
A

6pssl@h`2h~0!#3
.

~19!

A forward difference formula fordv/dr allows the evalua-
tion of v at a locationr 5d.0 very close to the origin. We
have

v~d!5d
a3GL

sslTm
S a21

a12DH~0!2
A

6pssl@h`2h~0!#3
.

~20!

We have setd510220 and used the Matlab numerica
ODE45 to solve Eq.~17! for r .d.

FIG. 2. Plot of a gas bubble of radiusa54 mm immersed in
succinonitrile~SCN! and the interface profiles for three values
the growth rate,V50.0 mms21 ~dash-dotted line!, V515 mms21

~dotted line!, and V530 mms21 ~dashed line! over a horizontal
extent of about 20 particle diameters.
4-4
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III. INTERFACE PROFILE

In this section, we present an analysis of the influence
the particle’s presence on the morphology of the interfa
We consider two experimental setups. Experimental res
are available for these systems under normal gravity co
tions. The first one considers the solidification of succino
trile ~SCN! containing SiC particles and is characterized b
high value of the thermal conductivity ratio,a'381. The
second one consists of gas bubbles in SCN and is chara
ized by a50. From an experimental point of view, th
bubbles contain air that was dissolved in the melt during
preparation of the sample. The numerical values for
physical constants are@24# m52.631023 kg m s21, G
510 800230 800 K m21, L54.63107 J m23, Tm5328 K,
and ssl50.03 J m22. We consider a Hamaker constantA
510219 J. This numerical value ofA is typical for liquid
films for which the disjoining pressure results from the no
retarded van der Waals interactions. Furthermore, we ass
that A.0 so that the force resulting from the disjoinin
pressure is repulsive, i.e., acts opposite to the drag force.
caseA,0 is found to yield qualitatively similar results.

A. Disjoining pressure effects

We begin our analysis of the possible shapes resul
from the interaction between the particle and the solid-liq
interface by focusing on the influence of the disjoining pr
sure. This is accomplished by turning off the effects of t
hydrodynamic pressure (V50). The resulting system o
equations~17! is solved over a horizontal extent of ten pa
ticle diameters. An initial value for the interface profil
h(0), aswell as a value for the gap thickness at the orig
g0, are prescribed. This is accomplished by prescribin
value for h` , the gap thickness is theng05h`2h(0). In
Figs. 3 and 4, where the interface-particle system is plo
for an SCN-SiC experimental setup, we note that for a re
tively large gap width,g0.10 Å, the interface profile is de
termined by the thermal factors, i.e., becausea.1, the in-
terface exhibits a concave shape and it almost conform
the shape of the particle@10,19#. For g0510 Å, the disjoin-
ing pressure enters into play and induces interesting morp
logical changes. These are shown in Fig. 4. The peak sh
that appears at the origin has been quantified by Hadji@20# in
his analysis of the interface profile near a foreign spher
particle under the dual action of the undercoolings due to
disjoining pressure and curvature. It is found thath(r )
;const1r 2lnr as r→0 in the limit of a vanishingly small
gap thickness. This implies a logarithmic singularity in t
curvature. The peak in the interface profile resembles
dimple effect that is observed when two viscous drops co
into close contact@25,26#. Away from the origin, the inter-
face shape is determined by the thermal conductivity ratioa.
A different scenario holds for the case of SCN immers
with air bubbles shown in Figs. 5 and 6. For a large g
thickness, the interface is convex sincea50. Also in this
case, the decrease in the gap width is associated with
appearance of a peak at the origin in the solid front’s profi
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B. Growth rate effects

Consider now the effect of the growth rate on the fron
morphology. The inclusion of the front’s velocity in th
analysis brings the effect of the hydrodynamic pressure
action. We are considering a steady situation wherein the
separation at the origin,g0, is kept fixed and the growth rat
varied. For a given growth rateV, the interface profile that
results from the solution of the system~17! corresponds to
the profile that is observed experimentally when the so
front that is approaching the particle at a velocityV is a
distanceg0 from the particle. Figure 7 depicts the depe
dence of the interface morphology near the particle on
growth velocity for an SCN-SiC system. For a low grow
rate,V51 mm s21, the front’s profile still resembles that fo
V50 shown in Fig. 3. On a length scale comparable to

FIG. 3. Plot ofh(r ) for the SCN-SiC system witha54 mm and
for a gap thicknessg05100 Å. The top figure depicts the particle
position over a horizontal extent of two particle diameters, wh
the corresponding middle and bottom figures are magnification
the near-contact region.
4-5
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particle’s radius, the profile is determined by the therm
factors, i.e. the thermal conductivity ratioa, while on a
length scale comparable to the gap thickness, the disjoin
pressure is the determining factor of the profile at the orig
However, the magnification of the near-contact region d
not reveal any dimple formation. AsV is increased to
18 mm s21, the depression in the front has deepened sligh
with more solid surrounding the particle. This trend cont
ues with increasingV until the solid-liquid interface has sur
rounded the whole lower part of the particle,z5h`1a
2Aa22r 2. Beyond this value forV, the mathematical mode
ceases to be valid since it accounts only for the physics
takes place in the melt sandwiched between the lower ha
the particle and the interface. Figure 8 is a sequence show
the effect of increased growth rate for the case of an
bubble immersed in SCN. For very low velocity, the profi

FIG. 4. Plot ofh(r ) for the SCN-SiC system witha54 mm and
for a gap thicknessg0510 Å. The top figure depicts the particle
position over a horizontal extent of two particle diameters, wh
the corresponding middle and bottom figures are magnification
the near-contact region. Note the peak formation at the origin.
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is defined bya. As V is increased further, a trough form
under the particle and the process of engulfment begins
continues until the lower portion of the particle is complete
surrounded by the solid. This engulfment process is acc
panied by changes in the gap thicknessg(r ), which are plot-
ted in Fig. 9. Note that the gap thickness away from
origin decreases with increasing growth rates and does
conform to the shape of the particle. Thus, the assumptio
a parabolic profile for the gap width or the interface, which
often used, is incorrect. Furthermore, we observe that the
separation changes withV even in the neighborhood of th
origin. Hence the often used assumption that the interf
shape is primarily determined by the disjoining pressure n
the origin is also incorrect. Due to a lack of pertinent micr
gravity results, we validate the present model against
ground experiments carried out by Stefanescuet al. @24#. In-
deed, these authors have conducted several experiment
ing several types of particles mixed with the transparent

of

FIG. 5. Plot ofh(r ) for a gas bubble of radius 4mm immersed
in SCN for a gap separationg05100 Å. The middle and bottom
plots are magnifications of the top figure.
4-6
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ganic material SCN. In those experiments involving S
particles dispersed in SCN, they have observed that a par
of radius 4mm was pushed at a solidification rate
9.2 mm s21. They recorded the following sequence of eve
~Fig. 5 in Ref.@24#!: as the interface intercepts the particle
very shallow trough forms on the part of the solid front u
derlying the particle. As the solidification rate is increas
the trough got deeper and more solid surrounds the par
as if whenever any part of the interface touches the partic
ceases to move. This sequence of events resembles the
terns shown in Fig. 7.

Their experiments involving the solidification of succin
nitrile in the presence of air bubbles~see Fig. 11 of Ref.@24#!
yielded the following sequence of events. At low grow
rates, a bump formed on the interface as the air bubbl
approached, then a depression formed on the elevated p
the interface asV is increased. As the interface is driven a

FIG. 6. Plot ofh(r ) for a gas bubble of radius 4mm immersed
in SCN for a gap separationg0510 Å. The middle and bottom
plots are magnifications of the top figure. Note the peak forma
at the origin.
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higher growth rate, the trough widened and engulfed more
the particle, in agreement with the predictions of the pres
model shown in Fig. 8.

IV. FORCES

The preceding section dealt with the analysis of the ste
axisymmetric interface shapes near a foreign particle
showed that the presence of a particle near a solidifying fr
is associated with several different interface profiles, depe
ing on the values of the growth rate, the disjoining pressu
the thermal conductivity ratio, and the gap thickness. T
strong effect ofV is particularly worth noting. The change i
the front curvature as a result of the interaction of the part
and the deformable solid-liquid interface gives rise to t

n

FIG. 7. Changes in the interface profile near the particle
function of the growth velocityV for an SCN-SiC system (a
5381); a54.0 mm andg0520 Å.

FIG. 8. Changes in the interface profile near the particle
function of the growth velocityV for SCN immersed with air
bubbles (a50.0); a54.0 mm andg0520 Å.
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pressure changeP5sslK provided that changes in the pre
sure distribution in the solid are ignored. On using Eq.~13!,
we have

P52
LGa3

Tm
S a21

a12DH~r !1S A
6pg3~r !

26mVE
0

r x

g3~x!
dxD u~a2r !. ~21!

This pressure change will, in turn, induce a force on
particle given by

F5
LGa3

Tm
S 12a

a12D E
0

`

2prH ~r !dr1
A
3 E0

a r

g3~r !
dr

212pmVE
0

a

r E
0

r x

g3~x!
dx. ~22!

The evaluation of the first term yields the expression
the thermal force, Eq.~1!. This thermal force is evaluated b
considering the pressure distribution in the gap to be
same as that at the interface,z50. A more accurate evalua
tion requires using the pressure distribution at the parti
melt boundary, z5S2(r )øS1(r ), where S2(r )5h`1a
2Aa22r 2 and S1(r )5h`1a1Aa22r 2. The distortion of
the solid-liquid interface due to the thermal conductan
contrast gives rise to a pressure change at the interfacz
50. This, in turn, induces a pressure distribution in the m
z.0, and possibly a corresponding weak flow. Thus,
creeping flow equations are assumed applicable. The p
sure distribution,P(r ,z), that satisfies Laplace’s equatio
and takes the valueP(r ,0)5LGa3(12a)H(r )/Tm(a12)
at the interface, is given by

P~r ,z!5
LGa3~12a!@~h`1a!2z#

Tm~a12!$@z2~h`1a!#21r 2%3/2
.

Thus

FIG. 9. Plot of the gap thicknessg(r ) for a gas bubble with
growth ratesV51.0 mm s21 ~continuous line!, V550.0mm s21

~dashed line!, V570.0mm s21 ~dotted line!, andV578.7mm s21

~dash-dotted line!.
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P„r ,S6~r !…56
LG~12a!

Tm~21a!
Aa22r 2.

The thermal force acting on the particle is thus obtained
integrating the pressure over the surfacesS2 and S1 . We
obtain

FTH5
4pLGa3

3Tm
S 12a

21a D . ~23!

It differs from Eq. ~1! by a factor of (2/3). The remaining
two integral terms represent the disjoining pressure for
Eq. ~2!, and the viscous drag force, Eq.~3!, respectively.
These forces are sketched in Fig. 10. The evaluation of
drag and disjoining pressure forces depends on the calcu
gap thickness profileg(r ). Estimates for the magnitude o
these forces are often made by assuming a planar inter
@10#. The gap thickness will then assume a parabolic pro
and closed form formulas for the disjoining force and t
hydrodynamic force can be obtained. They are

FDP5
aA
6g0

2
and Fdrag5

6pmVa2

g0
, ~24!

and were proposed by Verwey and Overbeek@27# and Bren-
ner @28#, respectively.

Consider a particle that is approached by the solid fron
a velocityV. When the particle is less than a particle diam
eter from the front, it is subjected to the thermal force, E
~23!. This force either pushes the particle against the fron
a.1 or pushes it away from the front ifa,1. The drag
force, Eq.~3!, acts in such a way as to oppose the motion
the particle. The competition between these two forces w
determine whether or not the particle gets near enough to
front. In the affirmative, as the gap separation decreases
disjoining pressure force becomes important, Eq.~2!, and
hence, the final outcome of this interaction will be det
mined from the competition of three forces. Otherwise,
particle remains ahead of the interface and the disjoin
pressure never enters into play. An assessement of the m
nitudes of the three forces is carried out and the res

FIG. 10. Sketch of the forces acting on the particle. These
the disjoining pressure forceFDP , the drag forceFdrag , and the
thermal forceFTH . The latter pushes the particle against the fron
a.1 and pushes the particle away from the front ifa,1.
4-8
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shown in Tables I–III. The case of an SiC particle of rad
a54.0 mm in SCN is presented in Table I forg05125 Å
and G510 800 K m21. It is clear that the thermal force
dominates the interaction over a wide range of growth ra
in this particular case. The increase ofFDP with V is due to
the decrease of the gap separation profile,g(r ), with V as
shown in Fig. 9. The decrease ofg(r ) with V also contributes
to the increase ofFdrag . The decrease ofg0 to 20 Å leads to
an increase in the values forFDP but the resulting increase i
not enough to balance those ofFdrag or FTH ~Table II!. Table
III gives the results for the case of an air bubble in SCN.
this case, the thermal force is repulsive and dominates
interaction for low growth rates. WhenV exceeds some valu
between 5mm s21 and 10mm s21, the magnitude ofFdrag
exceeds that ofFTH and the particle is pushed against t
front. Note that Eqs.~24! yield FDP517 nN and Fdrag
50.4 nN for the case given by Table III. Thus, Eqs.~24!
underestimate the hydrodynamic force but approximate
disjoining force well. This is an indication that the disjoinin
force is effective only in the thin region near the origin; t
interfacial deformations play a minor role.

V. DISCUSSION AND CONCLUSIONS

We have formulated a steady state model to analyze
interaction of a colloidal particle with a solidifying interfac
in a microgravity environment. The particle is assumed to
spherical, smooth, and insoluble. The formulation of t
model assumes a very slowly moving interface for two r
sons. The first one has to do with the fact that at low sol
fication rates, the possibility of the onset of morphologic

TABLE I. Magnitudes of the disjoining pressure forceFDP , the
drag forceFdrag , the thermal forceFTH , and the total forceF in
nanonewtons (1029 N) on a SiC particle of radiusa54.0 mm im-
mersed in succinonitrile;g05125 Å andG510 800 K m21. The
negative sign indicates an attractive force between the particle
the front.

V (mm s21) FDP (nN) Fdrag (nN) FTH (nN) F (nN)

0.1 6.3 21.5 2400.0 2395.0
1.0 6.4 215.0 2400.0 2408.0
5.0 6.7 278.0 2400.0 2471.0

15.0 7.9 2280.0 2400.0 2672.0
18.0 8.7 2360.0 2400.0 2751.0
21.0 10.0 2500.0 2400.0 2890.0

TABLE II. Magnitudes of the disjoining pressure forceFDP ,
the drag forceFdrag , the thermal forceFTH , and the total forceF
in nanonewtons on an SiC particle of radiusa54.0 mm immersed
in succinonitrile:g0520 Å andG510 800 K m21.

V (m m s21) FDP (nN) Fdrag (nN) FTH (nN) F (nN)

0.1 15.0 23.4 2400.0 2388.0
1.0 15.0 236.0 2400.0 2421.0
5.0 17.0 2200.0 2400.0 2583.0
7.0 18.0 2300.0 2400.0 2682.0
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instabilities is remote and the particle’s presence constitu
the sole cause of interfacial distortions. The second rea
has to do with the fact that, given thatVa/k!1, the thermal
field can be appoximated using the immobile interface c
dition. This is a standard approximation in such studies. T
model includes the coupled effects due to the disjoining pr
sure, the hydrodynamic pressure, the deformability of
interface, and the modification of the thermal gradient due
the difference in thermal conductivities between the parti
and the liquid.

We have considered for study two systems for which
perimental results are available for comparaison, namely,
solidification of SCN in the presence of either SiC partic
or dissolved air bubbles. Our results show that for very l
growth rates,V,1.0 mm s21, the shape of the crystal-me
interface depends primarily on the value of the thermal c
ductance ratioa, i.e., the front shape is convex ifa,1 ~air
bubble! and concave ifa.1 ~SiC particle!. The casea
51, planar interface, does not occur in practice. The disjo
ing pressure plays a role in the distortion of the interfa
whenever the gap separation is very thin andV
!1 mm s21. Its effect appears in the form of a peak~or a
dimple! in the front’s profile at the origin. This peak wa
investigated by Hadji@19,20# for the casea51. It was found
that the front’s curvature exhibits a logarithmic singularity
the origin. The cause of the singularity can be traced bac
Eq. ~13!. With V50 anda51, Eq. ~13! exhibits a balance
between the effects of the undercoolings due to the disjo
ing pressure and curvature. Note that while the disjoin
pressure acts to increase the front’s curvature, the Gib
Thomson effect acts to decrease it@20#. For the case at hand
a differs from unity and the interface profile consists of t
superposition of two shapes:~i! a profile due to the therma
conductivity difference and of extentO(a) and ~ii ! the tiny
dimple, of the order of the gap thickness, due to the disjo
ing pressure effect provided the gap separation is sm
enough. The inclusion of a small amount of undercooli
due to the hydrodynamic pressure is found to inhibit t
dimple formation.

The increase in the growth rate is associated with d
matic changes in the morphology of the interface. In bo
setups, shown in Figs. 7 and 8, we observe the proces
engulfment taking place asV is increased. The sequences
profiles obtained as function of the growth rate bear a v

TABLE III. Magnitudes of the disjoining pressure forceFDP ,
the drag forceFdrag , the thermal forceFTH , and the total forceF
in nanonewtons for an air bubble of radiusa54.0 mm immersed in
succinonitrile;g0520 Å andG510 800 K m21.

V (m m s21) FDP (nN) Fdrag (nN) FTH (nN) F (nN)

0.1 12.0 22.8 202.0 211.0
1.0 12.0 228.0 202.0 186.0
5.0 12.0 2147.0 202.0 67.0

10.0 13.0 2306.0 202.0 291.0
15.0 14.0 2485.0 202.0 2269.0
20.0 15.0 2704.0 202.0 2487.0

nd
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striking resemblance to those obtained experimentally for
same systems but under terrestrial conditions@24#. Thus, the
simple model put forth in this paper seems to capture
main features of the particle-interface interaction. The sa
sequence of profiles leading to engulfment is also obser
for the case of larger particles. However, we have discove
that the growth rate required to obtain a given profile d
creases witha, i.e., smaller size particles require high
growth rates for engulfment in agreement with numero
experiments.

A systematic evaluation of the three fundamental for
involved in the particle-interface interaction in a microgra
ity environment has been carried out. These forces are
thermal force,FTH , the disjoining pressure force,FDP , and
the hydrodynamic force,Fdrag . The results of such an evalu
ation, shown in Tables I–III, seem to indicate thatFDP is not
large enough to affect the interaction in any realistic sit
tion. This is a surprising result given that the disjoining pre
sure force has always been thought of as being one of
most important factor influencing the interaction. The tab
lated results do show that the interaction is primarily det
mined by the competition betweenFTH and Fdrag . For the
SCN-SiC case depicted in Tables I and II, bothFTH and
Fdrag act to push the particle against the front while for t
air bubble in SCN, it is deduced from Table III that a val
J
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for the growth rate exists below which the total forceF is
repulsive and above which it is attractive. This value of t
growth rate is termed critical velocity. Uhlmannet al. @13#
were the first authors to introduce this term to describe
predictions of their experiments. The latter consisted of a
lyzing the behavior of different types of particles, such
graphite, magnesium oxide, and silt of sizes varying fro
one to several micrometers and several types of matrix
terials, typically ice water or organic materials. They o
served that for any particle-matrix system, there exists a s
cific value for the solidification velocity, below which th
particles are rejected in the melt and above which they
incorporated in the solid.

There has been a recent attempt at investigating the in
action between a particle and an advancing solid-liquid
terface on the space shuttle Columbia@29#. Unfortunaltely,
the experimental findings were of limited use, given that th
did not yield a two-dimensional view of the solid-liquid in
terface. Hardware constraints led to a slanted interface wh
restricted the observation of the particles located at the lo
edge near the interface@30#. The quantitative experimenta
validation of our predictions must await the performance
carefully controlled experiments in a microgravity enviro
ment.
all.
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